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Our notation will be as follows. An ideal will always mean a two-sided 
ideal. The augmentation ideal of a group will be denoted by the small 
German letter corresponding to the capital Latin letter used to name the 
group; thus b is the ideal of Z7H generated by {h - 1 1 h E H}. The purpose of 
this note is to prove the following result: 
THEOREM. Zf H a G are groups, then bLG is indecomposable as an 
ideaf. 
To prove the theorem, we first deal with the special case when G is finite. 
LEMMA. If H 4 G are finite groups, then QLG is indecomposable as an 
ideal. 
ProoJ: Suppose $ZG = P @ Q is a decomposition as an ideal. Let x, i,u be 
the characters of P, Q, respectively, and let x E G. We claim that 
x(-u) I&) > 0. This is clear if x = 1, so assume that s # 1 and choose a 
prime p which divides the order of s; if x 65 H, assume also that p divides the 
order of Hx in G/H. Let R be a finite extension of I, (p-adics) with 
maximal ideal .9 such that R/9 and the field of fractions of R are splitting 
fields for G and all its subgroups. Suppose x E H and write RG = U, @ 
u2 0 .** c$ u,, where the Vi are projective indecomposable RG modules. 
Then RGlj=lJ,t)@U,b@... @ lJ,h and the lJib are indecomposable 
because U,/U;~~ has a unique minimal submodule (1 Q i < m). By the Krull 
Schmidt theorem for RG lattices, we may write ( 1, 2,..., m) = ICJ I’ (disjoint 
union) such that 
P&Rz @ Uic, and Q@,Rr @ U,b. 
iE/ iEl’ 
If Qi, pi are the characters of lJj, Uj/Uiby respectively, then Qi -Qi is 
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the character of iJ,h, Qi(x) = 0 and q+!(x) = #Jl) (I < i < m). It follows that 
X(X), I&) < 0 and hence X(X) I&) > 0. 
Now suppose x @ H and let A be the subgroup of index p in (x). By 
Mackey decomposition, there exists an RA module V such that ijRG z V 163~~ 
R(x) as R(x) modules. Write V= V’, @ V2 @ .~ ~ @ V,, where the Vi are 
indecomposable RA modules. Then Vi ORA R(x) is an indecomposable R(x) 
module by ] 1. Theorem 52.41 and the character of Vi @R.4 R(x) is zero on x 
(1 < i < n). Using the Krull Schmidt theorem, we may write (1, 2,.... n) = 
JU J’ such that 
Ptg,R z @ Vi$& R(x) and Q BrR z @ Vi\& R(x).r. 
ieJ id’ 
It follows that x(x) I&) = 0 and our claim is established. 
Since P and Q are ideals, 01, w) = 0. This is only possible if either x( 1) = 0 
or I,V( 1) = 0. Hence either P or Q is zero and the lemma is proved. 
Proof of the Theorem. Let F be the torsion subgroup of the finite 
conjugate subgroup of G and let n: ZG-+ ZF be the natural projection (see 
12, p. 51). Suppose hZ!G = P @ Q is a decomposition as ideals with 
Pf 0 # Q. By [2. Lemma 1.1.5 and Theorems 4.2.12 and 4.3.16). 
n(I@G) = n(P) 0 x(Q) 
as ideals of LF with n(P) f: 0 # X(Q). If H & F, then n(‘@G) = ZF and it is 
well known that ZF is indecomposable [2, Ex. 14, p. 651. Therefore H C_ F 
and then r(hLG) = f@F. Choose A (i F such that A is finite, (1 E H and 
n(P)a # 0 # rc(Q)a. Then $ZFa = rc(P)a @ rr(Q)a and since aZF/hLFa is the 
torsion subgroup of f.@F/t)ZFa, it follows that we may write 
aIF=P,@Q, 
as ideals, where P, 2 rc(P)a and Q, 2 n(Q)a. N ow aZF is a finitely generated 
LF module, hence there exists a finite subgroup D of F containing A such 
that P, = (P, n ZD)ZF and Q. = (QO n ZD) LF. Then 
is a decomposition as ideals. The lemma now shows that either P, n HD = 0 
or Q0 n LD = 0 and the result follows. 
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